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Complexity Reduction by Claviatures

Conceptual background

Claviatures gives a glimpse into the usefulness of the sub-rule approach for all kind of cellular automata. The merits
of the sub-rule approach becomes evident for highly complex automata where it is practically not achievable to
manipulate all single rules of the automaton explicitly.

Even for a quite simple example of a CA based on the indicational rules indRClI, the complexity is not to handle by
classical approaches. The sub-rule approach offers a claviature of the rule set so that all individual possibilities of the
rule space of size 420=1'099'511'627'776 are manually accessible.

The complexity of claviatures remains in a finite range of small sets of rules measured by the sum of the Sterling
Numbers of the Second Kind.

Hence the rule space of ruleDM of the first example of the Claviatures is defined by the 15 morphograms distributed
over 15 places generating the combination of 2x3x3x3x4 = 216 single morphogrammatic compounds of ruleD-
M[{k,I,m,n,o}] with k={1,6}, I={2,7,11}, m={3,8,12}, n={4,9,13} and 0={5,10,14,15}.

Therefore the claviature of ruleDM with its 15 keys defines all 216 different potential realizations of the automaton
morphoDM. Because the number of functions for this morphoCA is small and manageable there is no barrier to
define the functions explicitly.

But the rule space for ruleDCKV of morphoCA(s’s) is 2x3"7x4"6 x 5 = 89'579'520. There is certainly no realistic
chance to define this amount of rules and to handle it explicitly.

The case for the indicational automaton indRCI with its ruleRClI[{a,b,c,d,e, f,g,h,i, j,k,l,m,n,0,p,q,r,s,t}], where all
components have 4 mutually excluding different indicational rules, the rule space is intriguingly less accessible
without the sub-rule approach proposed in this paper.

The 20 positions of the automaton indRCI are defining 4720=1'099'511'627'776 different potential realizations of the
indicational rule space of indRCI. In contrast, the rule space of ECA is 28 = 256.

Rule space table
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Rule space table

DCKV 89579520 2x3"N7 <476 x5

DM 216 2x37"3 x4
DIWN 486 2x3"5
CR 59049 3710
RCI 1099511627776 3720

The current presentation of Claviatures for 1D automata is not restricting its application to 1D CAs, all higher order
cellular automata of arbitrary dimensions are incuded to the application of claviatures.

Epistemologically, there is a paradigm change involved which turns the definition of classical CAs from an ‘algebraic’
to a ‘co-algebraic’ understanding of generalized CAs.

The co-algebraic approach emphasizes the ‘stream’ of computational events, and configurations are selected out of
the stream by selectors like the proposed claviatures. Therefore there is no need to construct all the possible
constellations step by step by CA rules.

Instead of developing reduction techniques to reduce the complexity of CAs, the claviatures approach plays on a
meta-level with CAs that are accessible by selection. This leads to the well known automata theoretic concept of
experiments with automata.

Algebraic structures have to be constructed, co-algebraic structurations have to be selected by interaction.

There is not just a duality between algebras and co-algebras in respect of constructors and destructors but also a not
well recognized asymmetry between the pair “constructors/destructors” and the new deconstructors. A chiastic
system change happens from the selectors of the destruction to the observators of co-algebras under the interaction
of experiments.

Duality of algebras and co-algebras

Algebra Kao-&lgebra
inducion coinducion
inifd final object
con st chor destucior
ohal parial funcions
algebra coalgebra

[ Tusible | Rd&n T ]

sruciure behawiar
well founded nion weell founded sets
Turing Machine | Persistent Th
Ham clauses liveness axioms

Asymmetric shift from internal to external descriptions of selectors and observators

Autbay : Konstukdoran
Cualifat Zlgebra: Indukion

PULLY TR PN ]
™ sepren Sweernve dhzel

Oleervatoren Co-dlgebra: Coinduktion

The organon of the claviatures

The claviature approach is exemplified with the morphogrammatic CAs for ruleDM, ruleDMN, ruleDMNP and ruleD-
CKV. Also for the indicational CAs for ruleCl, ruleCIR and ruleRCI. All are applied to the categories of graphics,
sound, transition graphs and fixedpoint determination. The case for ECA is exemplified for all categories too.

The method of sub-rules for CAs is an abstraction and parametrization of the components of the rule schemes that
allows a micro-analysis of the CAs. The CA sub-rule manipulator manages explicitly all CA rules of a 1D CA. The
sub-rule manipulators enables a micro-analysis of the behavior of all CA rules.

Further reading

Peter Wegner, Why Interaction is more Powerful than Algorithms, 1997
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http://wit.tuwien.ac.at/events/wegner/cacm_may97_p80-wegner.pdf

Dina Goldin, Peter Wegner, The Interactive Nature of Computing: Refuting the Strong Church-Turing Thesis
http://cs.brown.edu/people/pw/strong-cct.pdf

Rudolf Kaehr, STRUKTURATIONEN DER INTERAKTIVITAT,

Skizze eines Gewebes rechnender Rdume in denkender Leere (2004)
http://www.thinkartlab.com/pkl/media/SKIZZE-0.9.5-medium.pdf
http://iwww.thinkartlab.com/pkl/lola/Interactivity.pdf
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Rosemarie Swan, Degree Show Glasgow School of Art 2015

Morphogram: ruleDM-DMN-DMNP

Morphogram: morphoCA®39-DCKV
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Graphics

Morphogram: ruleDM
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Morphogram: Random ruleDM
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Morphogram: ruleDMN
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Morphogram: ruleMNP
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Morphogram: ruleDCKV
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a|i1111 1112

b 1121| 1122 || 1123

€| 1211 1212 | 1213

d| 1221 1222 | 1223

€| 2121 2122 | 2123

fl2211 2212 | 2213

9 | 2221 2222 | 2223

h 2111 | 2112 || 2113

i 2131 | 2132 | 2133 || 2130

J 1231 | 1232 | 1233 || 1230

kK 2231 | 2232 | 2233 || 2230

I'| 23112 2312 | 2313 | 2310

m 2321 | 2322 | 2323 || 2320

N 2331 2332 | 2333 | 2330

0 2301 | 2302 | 2303 || 2300

steps 55
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Morphogram: ruleDCKV random

ali1111 1112

b 1121 1122 | 1123

C | 1211 1212 | 1213

d| 1221 1222 | 1223

€| 2121 2122 | 2123

fl2211 2212 | 2213

9| 2221 2222 | 2223

h 2111 2112 | 2113

2131 2132 | 2133 | 2130

J| 1231 1232 | 1233 | 1230

k | 2231 2232 | 2233 | 2230

I'| 2311 2312 | 2313 | 2310

m | 2321 2322 | 2323 | 2320

N {2331 2332 | 2333 | 2330

o 2301| 2302 | 2303 || 2300

steps 22
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Klaviature
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Indication: ruleCl
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Indication: ruleClI transitions
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with 2

Indication: ruleCIR
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f 61|62 63

9 71|72 73

h|81 82|83

i 9192 o3
k 1o1| 102 || 103

steps 111
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Indication: ruleCIR Random

a1 Y
= =

52 | 53

9 71| 72| 73

81 | 82 || 83
{91 92| 93 |

k 101 || 102

103
steps 1 1 1
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Indication: Random ruleRCI

& 4440 | 4441 || 4442 4443

b | 1110 1111 | 1112 | 1113

C 2220 | 2221 | 2222 || 2223

d 3330 3331 | 3332 | 3333

€ | 1000 1001 | 1002 | 1003

f 2000 | 2001 | 2002 || 2003

9 | 3000 3001 | 3002 | 3003

h 1100 | 1101 | 1102 || 1103

i 1120 | 1121 || 1122 1123

J 1130 | 1131 | 1132 || 1133

k I 1220 1221 | 1222 | 1223

I' 1330 | 1331 | 1332 || 1333

m 2200 | 2201 | 2202 || 2203

N 3300 | 3301 | 3302 || 3303

0 2230 | 2231 | 2232 || 2233

P | 2330 2331 | 2332 | 2333

9 1300 | 1301 | 1302 || 1303

| 3200 3201 | 3202 | 3203

S| 3210 3211 | 3212 | 3213

t 2300 || 2301 2302 | 2303

steps 44 V
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Sound
kli1 6
I'l2 7
m 3 8
nfa o
o5 10
P11 12|
Note Sequence Table
9|13 14 |
r|is 16|
cells 3 | 4 || 5 6 |
2
generations ————[. 2 66 S
2
mapping —{] 14 3
©
transpose ——) -6 =
duration <] 0.1
instrument ——}— 7 103
mesh D

Generations

E] E] 211.2s
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Morphogram: ruleDM
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— Note Sequence Table
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mapping —{}——— & 14
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mesh D
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Morphogram: ruleDMN

k 1_ 6

| 2_ 7 ﬂ

[ o]

o [7 e ]

o 5_ 10

plaa ﬂ Note Sequence Table

cells ﬂﬂls_ﬂ
generations ———[ [ 66

mapping —{}——— & 14
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duration {J———— 1 0.1

instrument —D— 103

mesh D

Initial Conditions

Generations
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Morphogram: ruleMNP

f | 5 10 | 13 |
Note Sequence Table
g | 11 12 | 15 |
cells 3|4||5 6|
generations D.
mapping —(}——— % 14
transpose ——(}——— " -6
duration -D— 0.1

instrument ———]— 1 103

mesh D

66

Initial Conditions

Generations
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Morphogram: ruleDCKV

ali1111 1112
b | 1121 1122 | 1123
¢|1211 1212 | 1213
d | 1221 1222 | 1223
e | 2121 2122 | 2123
fl2211 2212 | 2213
9| 2221 2222 | 2223
h 2111 2112 | 2113
i|2131 2132 | 2133 | 2130
j|1231 1232 | 1233 | 1230
k| 2231 2232 | 2233 | 2230
I'| 2311 2312 | 2313 | 2310
m | 2321 2322 | 2323 | 2320
n| 2331 2332 | 2333 | 2330
0| 2301 2302 | 2303 | 2300
cells j ﬂ|5_ ﬂ
generations (= e6
mapping —(} 14
transpose —D -6
duration <} 0.1
instrument ———]— I 103
mesh D

Initial Conditions

Note Sequence Table

Generations

E]E] 211.2s
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Indication: ruleCIR

a 11 | 12 || 13

b 21| 22| 23

€31 32| 33

d 41| 42 || 43

€|51 52| 53

fle1 62| 63

9 71| 72|73

h 81| 82| 83 Note Seguence Table

ilo1 92 ﬂ

cells ﬂl?ﬂﬂ
generations D-
mapping —{}——— & 14

transpose —D— -6
duration { J———— 1 0.1

instrument ——]— £ 103

mesh D

Initial Conditions

66

Generations

E] E] 105.6 s




70 | Klaviaturen-4.5.nb




Indication: ruleRCI

cells

generations
mapping
transpose
duration
instrument

mesh

4440 | 4441
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4442 || 4443
1110 1111 | 1112 | 1113
2220 2221 | 2222 | 2223
3330 3331 | 3332 | 3333
1000 | 1001 || 1002 1003
2000 2001 | 2002 | 2003
3000 | 3001 || 3002 3003
1100 | 1101 | 1102 || 1103
1120 || 11212 1122 | 1123
1130 1131 | 1132 | 1133
1220 1221 | 1222 | 1223
1330 1331 | 1332 | 1333
2200 2201 | 2202 | 2203
3300 | 3301 || 3302 3303
2230 2231 | 2232 | 2233
2330 2331 | 2332 | 2333
1300 1301 | 1302 | 1303
3200 3201 | 3202 | 3203
3210 3211 | 3212 | 3213
2300 | 2301 | 2302 || 2303

Hif

0.1

103

Initial Conditions

Note Sequence Table

Generations

211.2s
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Structures: Transition Graphs
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Morphograms: ruleDMN
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Morphograms: ruleDCKV
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width
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I 1231 1232 | 1233 | 1230
2231 | 2232 | 2233 || 2230
2311 || 2312 2313 | 2310
2321 | 2322 || 2323 2320
2331 | 2332 | 2333 || 2330
2301 | 2302 | 2303 || 2300
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Indication: ruleCIR

a ? 12 | 13
b ; 22 | 23 7] I —
o 2=
g :ﬁi R < W
e : 52 | 53 e
= [T R T
flel1 62| 63 R < EE
P — [~ —
g 71| 72| 73 [ e |
h ? 82 | 83 — —
i ; o < < N~
k 101 | 102 || 203 . . W
width —{}——— = 3 (SR — (S EEPE— (S EE———
HEE <— HE HEE <— B N <— N
show states M R~ AR <— ® -~
show icon D
R < EE
R <—EN
R < EE
S —
S —
S —
S —
S —
NN < EET [~ I — NN < B
[ | I EEE < E ® -
< [ — | M|
[ e R < EN < m
R < W S — -
< § R~ W EEE < EE
N <—— § - NN —<—0N
HEE—<— N EEE—<— N NN —<—n
[ [ [ B e N EEE <— H Al -
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Indication: ruleRCI

width

4440 4441 | 4442 | 4443
1110 1111 | 1112 | 1113
2220 | 2221 || 2222 2223
3330 3331 | 3332 | 3333
1000 1001 | 1002 | 1003
2000 2001 | 2002 | 2003
3000 3001 | 3002 | 3003
1100 | 1101 | 1102 || 1103
1120 1121 | 1122 | 1123
1130 | 1131 | 1132 || 1133
1220 1221 | 1222 | 1223
1330 1331 | 1332 | 1333
2200 | 2201 | 2202 || 2203
3300 3301 | 3302 | 3303
2230 | 2231 | 2232 || 2233
2330 | 2331 | 2332 || 2333
I 1300 1301 | 1302 | 1303
3200 | 3201 | 3202 || 3203
3210 || 3211 3212 | 3213
2300 || 2301 2302 | 2303
_D_ 3

show states

show icon

v
[]

BN "ZZ/’

>
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FixedPoints: indClI

Structure of self - modification for the indicational calculus ClI
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FixedPoints: ECA

O 2 Aal¥] =]
({1, 188, ({16, 13, 11, 5, 9, 8, 2, 1}},
(2, 250, {16, 14, 11, 5, 9, 3, 7, 1}},
(3, 253, {16, 14, 11, 5, 9, 8, 2, 6}},
(4, 255, (16, 14, 11, 5, 9, 8, 7, 6}},
(5, 255, {16, 14, 11, 5, 9, 8, 7, 6}}}
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{1, {{15, 13, 12, 10, 4, 3, 2, 1}}}
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FixedPoints: ruleM

kTe
|2—7ﬂ
o[s o]
[« o]
o[s 10 1a] 5]

{5, {{1, 2, 8, 9, 10}, {6, 2, 3, 9, 10},
{6, 7, 3, 4, 10}, {6, 7, 8, 4, 5}, {1, 7, 8, 9, 5}}}

Structure of self - modifications for the morphogrammatic calculus morphoCA DM
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FixedPoints: ruleMN

Tk
HE
S
WAF
Fall

P 10| 14

\Y B

{{1, 7, 8, 9, 14, 5}, {1, 2, 2, 2, 3, 0}}

7]
o]

o] ]
o[s 10

B
B
B
A

{3, {{1, 2, 8, 9, 10, 5}, {1, 2, 3, 9, 10, 10}, {1, 7, 8, 9, 5, 5}}}

Structure of self - modifications for the morphogrammatic calculus morphoCA DMN
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FixedPoints: ruleCIR

a 11| 12

d 41 | 42

o
N
[
N
E
o IS W N =
@ @ @ N w

€ 51| 52

flel1 62| 63

9171 72| 73

h 81|82 83

91 92 | 93

101 102 | 103 |

x~

(3, ({23, 61, 41, 13, 51, 71, 81, 91, 101, 31},
(23, 63, 43, 13, 53, 73, 83, 93, 103, 33},
(21, 61, 41, 11, 51, 71, 81, 91, 101, 31}}}

FixedPoints: ruleRCI
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FixedPoints: ruleDCKV

ali1111 1112 (17, {{1111, 1122, 1213, 1221, 2121, 2113, 2211, 2223,
1233, 2131, 2232, 2312, 2322, 2332, 2303},
bl1121 1122 | 1123 {1111, 1122, 1213, 1221, 2122, 2113, 2213, 2222,
1233, 2132, 2232, 2313, 2321, 2331, 2303},
e {1111, 1122, 1213, 1221, 2122, 2113, 2211, 2222,
. 1232, 2131, 2232, 2311, 2321, 2332, 2303},
| I (1111, 1122, 1213, 1221, 2122, 2113, 2211, 2222,

1233, 2131, 2231, 2313, 2321, 2333, 2303},
{1111, 1121, 1212, 1223, 2121, 2112, 2213, 2221,
1232, 2133, 2231, 2312, 2322, 2331, 2302},
{1111, 1122, 1211, 1221, 2122, 2113, 2211, 2222,
1233, 2131, 2232, 2313, 2321, 2332, 2302},
{1111, 1121, 1212, 1221, 2122, 2112, 2211, 2223,
1232, 2131, 2233, 2312, 2321, 2333, 2302},
{1111, 1122, 1213, 1223, 2122, 2113, 2212, 2222,

€| 2121 2122 | 2123

fl2211 2212 | 2213

9| 2221 2222 | 2223

h|2111 2112 | 2113

B iz | 202 || 202 || 20em 1233, 2131, 2232, 2313, 2321, 2332, 2303},
{1111, 1122, 1213, 1221, 2122, 2112, 2211, 2222,

ili2a1 1232 | 1233 | 1230 1231, 2131, 2232, 2313, 2321, 2332, 2303},
{1111, 1122, 1213, 1221, 2122, 2113, 2211, 2221,

k| 2231 2232 | 2233 | 2230 1233, 2131, 2233, 2313, 2321, 2332, 2303},
{1111, 1122, 1213, 1221, 2122, 2113, 2211, 2222,

I'| 2311 2312 | 2313 | 2310 1233, 2133, 2232, 2313, 2322, 2332, 2303},
{1111, 1122, 1213, 1221, 2122, 2113, 2211, 2222,

m | 2321 2322 | 2323 | 2320 1233, 2131, 2232, 2312, 2321, 2332, 2301},
{1111, 1122, 1212, 1221, 2123, 2112, 2211, 2223,

n | 2331 2332 | 2333 | 2330 1232, 2131, 2233, 2312, 2321, 2331, 2302},
{1111, 1122, 1211, 1222, 2122, 2111, 2213, 2222,

0 2301 | 2302 | 2303 | 2300 1231, 2133, 2232, 2311, 2323, 2332, 2301},

{1111, 1122, 1212, 1221, 2122, 2111, 2211, 2222,
1233, 2131, 2232, 2313, 2321, 2332, 2303},
{1111, 1122, 1213, 1221, 2121, 2113, 2211, 2223,
1233, 2131, 2232, 2313, 2321, 2332, 2303},
{1111, 1122, 1213, 1221, 2122, 2113, 2213, 2222,
1233, 2132, 2232, 2313, 2321, 2332, 2303} }}



